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This paper is devoted to lessons about constructing Transparent Pseudo-Proofs
(abbr. TPPs) drawn from an empirical study of the impact of undergraduate
students' exposition to TPPs of theorems in Linear Algebra. The following issues
are discussed: (i) an appropriate formal proof that the TPP will reflect; (ii) an
adequate value for the particular case that will become the pivot for developing
the TPP; (iii) a satisfactory style that avoids anything specific to the particular
case from entering the proof; (iv) the 'level of transparency' to suit the
mathematical background of the target audience (exemplified by The Three Dots
phenomenon); (v) the 'level of generality' to suit the instructor's goals.
INTRODUCTION

A transparent proof was defined as a proof of a particular case which is small
enough to serve as a concrete example, yet large enough to be considered a
non-specific representative of the flaw of the arguments in the proof of the general
case, so that one can see the general proof through it as nothing specific to the
particular case enters the proof (Movshovitz-Hadar, 1988). As a transparent proof
is not a proof (of the general case), the term was modified to "Transparent Pseudo
Proof" (Movshovitz-Hadar and Malek, 1998), abbreviated TPP. In the past two
decades the term "generic proof" has also been used in the literature, and many
researchers addressed the issue of using them to "sweeten the bitter pill" of
proving in various levels of schooling.
Several studies in the past two decades examined the place of conjecturing,
proving and reasoning through particular cases, or examples, in various school
levels. However only seldom did researchers touch the issue of employing
examples in tertiary level mathematics, and the investment it takes to construct a
good example for proof and proving. What is it that makes such an example a
"good one"? This is the focus of discussion in this paper.
Several issues related to employing examples as a pedagogical tool in the teaching
of various levels of mathematics were published in recent years. Some of these
studies investigated the way students can learn from worked-out examples (e.g.,
Atkinson et. al., 2000). These studies show that learning from worked-out
examples is very effective as it is faster and it reduces mental load from the
learner (Mwangi & Sweller, 1998). Atkinson et. al (ibid) conclude their work by
suggesting further studies to deal with the question: “How can examples of
authentic problem solving be designed to reduce cognitive load and promote
acquisition of transferable cognitive structures?” (p. 211).
Intrigued by Atkinson (ibid), we conducted an empirical study of the use of a
particular type of worked-out examples, which are concerned with proof rather
than with problem solving.
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Before we proceed, let us note that a TPP is, quite obviously, not a full proof to a
mathematical statement, but surely it is a full proof to a particular case of it. Hence,
although it cannot replace the formal proof, it might be considered temporarily as
a step towards the proof. In addition, being a full proof of a particular case of the
statement, a TPP can be considered a worked-out example to proving in general.
Within our empirical study we developed, experimented and evaluated the impact
of Transparent Pseudo-Proofs (TPPs) on the acquisition of transferable cognitive
structures related to proof and proving. As the results of the study show, students
benefited from their exposure to TPPs in all these areas. (For a detailed account of
the study, its theoretical framework, its results, and implications, see Malek and
Movshovitz-Hadar 2008).
A number of TPPs were carefully constructed for that study. This paper describes
lessons derived from the researches' experience in composing them. These
lessons may prove useful for the practitioner who struggle with the construction
of TPPs, which is an art in itself.
WHAT DOES IT TAKE TO CONSTRUCT A TPP?

From the very definition of TPP three basic actions to be carries out in the process
of construction of a TPP follow immediately.
1. Choosing an appropriate formal proof that the TPP will reflect. Since a
TPP is a didactic derivative of some formal proof, its preparation must start from
choosing an appropriate formal proof that the TPP will reflect. In other words, it is
an act of matching the TPP to the proof we wish to introduce, which is rather
different of course from merely putting down an independent proof of a particular
case.
2. Choosing an appropriate value for the particular case that will become the
pivot for developing the TPP itself. According to the TPP definition the value
should be carefully chosen so that it is neither too small nor too large. For
example a proof of a theorem dealing with some properties of a polynomial
cannot be reflected by a proof about a binomial (as it is very likely to become too
specific), nor by a proof about a 17 addends polynomial although it appears as a
"random" choice (as it may become too cumbersome).
3. Making sure that nothing specific to the particular case enters the proof.
All along the construction of the TPP one must be very careful in following the
general proof so that nothing specific to the particular case enters the proof. If
something like that happens, the proof may become non-transparent which may
make it impossible for the student to come up with a proof of the general case or
even worse, lead her or him to a false generalization. (See an example in
Movshovitz-Hadar 1997.)

These three actions need not necessarily take place in that order. Further major
considerations are due as discussed in the rest of this paper.
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GENERALITY LEVEL IS TO BE DETERMINED

Mathematical statements have many general elements that are replaced by
specific ones in a TPP. The question is, is it necessary to replace them all?
To focus on the replacement of general features of a mathematical statement for
the sake of constructing a TPP, let us look for example at the statement: "The sum
of the n roots of order n, x1 ,..., xn , of a complex number z, is 0". The general
elements in it are: (i) "…the roots x1 ,..., xn ". (ii) "…of order n"; (iii) "… a complex
number z"; To construct a TPP one may choose to replace one or more of the three
general elements by an appropriate specific one, obtaining various particular
cases of different levels of generality. For instance:
• Only n is replaced (n=5): "The sum of the 5 roots of order 5, x1 , x2 , x3 , x4 , x5 , of a
complex number z , is 0". (See the sample TPP above).
• Only z is replaced ( z = 1 + i ): " The sum of the n roots of order n, x1 ,..., xn , of the
complex number z = 1 + i , is 0".
• Both n and z are replaced ( n = 5, z = 1 + i ): "The sum of the 5 roots of order 5,
x1 , x2 , x3 , x4 , x5 , of the complex number z = 1 + i is 0".
• All three general elements are replaced: "The sum of the 6 roots of order 6 of
the complex number z = −64 , namely:
x1 = 3 + i, x2 = 2i, x3 = − 3 + i, x4 = − 3 − i, x5 = −2i, x6 = 3 − i , is 0".
It is noteworthy that the last instance, the least general one, is inviting a proof by
checking the sum which is not a transparent proof. However it might be valuable
for increasing the intuitive trust in the truth of the general statement.
The 4 different specific statements listed above, demonstrate what we suggest
calling a Generality-level Pyramid for the given general statement. In its base
rests the most specific case, namely one of those in which all general elements are
replaced by specific ones. There are lots of such cases and choosing the one to
treat (if at all !) is a matter of consideration. Going up the pyramid, the generality
level increases, and the "volume" of alternatives gets smaller. Since one may
choose to replace a few general elements, it is generally true that the higher the
number of general elements replaced, the less general the particular statement
becomes (e.g. the 2nd, 3rd and 4th instances above). However, within a certain
number of replacements (e.g. the 1st and 2nd instances above where only one
element is replaced) various options are open for choosing the elements to be
replaced, hence the hierarchical order of levels in the pyramid can be argued.
Clearly the theorem we are trying to prove is usually on top of the pyramid,
however, for the sake of open-endedness, the Generality-level Pyramid of each
mathematical statement should be seen as a truncated one, thus leaving an option
for further generalization of the theorem in question. (For example the statement
discussed above is a particular case of the statement: the sum of all n roots of a
polynomial p( x) = an x n + an −1 x n −1 + ... + a0 of degree n ( an ≠ 0 ) is −
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TRANSPARENCY IS IN THE EYES OF THE BEHOLDER

Although a TPP is constructed carefully to reflect all the major steps in the formal
proof, what might appear as transparent to one student, is not necessarily
transparent to another one. This leads to the notion of relative transparency of a
TPP. Since a TPP is aimed at making the difficult parts of the corresponding
formal proof more accessible to the learner, it is important to firstly analyze the
points in the formal proof which may become obstacles to the specific target
audience of learners in view of their background and mathematical abilities.
Consequently, in constructing a TPP the instructor, aware of potential obstacles
typical to the specific target audience, needs to carefully construct the crucial
steps so that as many students as possible can see the formal proof through it.
For example let us consider the theorem: For any natural number n, the sum of the
n +1
roots of order n of a complex number z is 0 and their product equals: ( −1) z .
Here is a TPP for this theorem (on the left) that reflects a formal proof (on the
right).
A Transparent Pseudo Proof (n=5)

A Formal Proof

Recall that the roots of order n of a complex number z are the complex roots of
xn − z = 0

Recall also that: x n − z = 0 has n complex roots x1 , x2 , ..., xn , which satisfy:
xn − z =

( x − x1 )( x − x2 ) ⋅ ... ⋅ ( x − xn )

As you know the sum of the roots and their
product, appears in the binomial expansion
of ( x − x1 )( x − x2 ) as x 2 − ( x1 + x2 ) x + (−1) 2 x1 x2 .
Let's take a look at a larger particular case
The roots of order 5 of a complex number z
are the roots of the equation

x5 − z = ( x − x1 )( x − x2 )( x − x3 )( x − x4 )( x − x5 ) = 0
xn − z = ( x − x1 )( x − x2 ) ⋅ ... ⋅ ( x − xn ) =
( x − x1 )( x − x2 )( x − x3 )( x − x4 )( x − x5 ) =
x5 − ( x1 + x2 + x3 + x4 + x5 ) x4 + ... + (−1)5 x1x2 x3 x4 x5 ⇒
5
x5 − z = x5 − ( x1 + x2 +…+ x5 ) x5−1 + ... + ( −1) x1 ⋅ x2 ⋅…⋅ x5
On the left hand side the only positive power xn −( x1 +x2 +x3 +...+xn) xn−1 +...+(−1)n x1⋅ x2 ⋅ x3 ⋅...⋅ xn =0

of x is 5, in other words the coefficients of
any other positive power, such as x5-1 on the
left hand side, is 0. Hence the coefficient of
x5-1 on the right hand side must also be 0.
We get ( x1 + x2 +…+ x5 ) = 0
Comparing the coefficients for x0 we get:
?− (1) x1 ⋅ x2 ⋅…⋅ x5 = − z ?
5 +1
i.e., ( −1) x1 ⋅ x2 ⋅…⋅ x5 = z
5

Comparing the coefficients of
?x n −1 and x 0 we get:

( x1 + x2 +…+ xn ) =

and

0

?− (1) x1 ⋅ x2 ⋅…⋅ xn = − z ?

⇒

n

QED (n=5)
( −1) x1 ⋅ x2 ⋅…⋅ x5 = z
Can you now prove the general statement on
your own?
QED
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In the TPP, the three dots which represent "etc., etc.," appear three times in the
5
expression: x5 − ( x1 + x2 +…+ x5 ) x5−1 +... +( −1) x1 ⋅ x2 ⋅…⋅ x5 . Not all occurrences may be clear
to some students, as they are not all equally obvious. The middle occurrence is
particularly cumbersome. For these students a more detailed proof (of the
particular case) is needed. E.g. replace
by

( x − x1 )( x − x2 )( x − x3 )( x − x4 )( x − x5 ) =
x5 − ( x1 + x2 + x3 + x4 + x5 ) x4 + ... + (−1)5 x1 ⋅ x2 ⋅ x3 ⋅ x4 ⋅ x5 …

[( x − x1 )( x − x2 )( x − x3 )( x − x4 )] ( x − x5 ) =
[{[x2 −( x1 + x2 ) x + (−1)2 x1 ⋅ x2 ]( x − x3 )}( x − x4 )]( x − x5 ) =
[{x3 −( x1 + x2 + x3 ) x2 +... +(−1)3 x1 ⋅ x2 ⋅ x3}( x − x4 )]( x − x5 ) =
[x4 −( x1 + x2 + x3 + x4 ) x3 +... + (−1)4 x1 ⋅ x2 ⋅ x3 ⋅ x4 ]( x − x5 ) =
x5 − ( x1 + x2 + x3 + x4 + x5 ) x4 + ... + (−1)5 x1 ⋅ x2 ⋅ x3 ⋅ x4 ⋅ x5 …

In this insert one can see that for n=2 the sum and the product of the roots "pop in".
For n=3 and n=4 they appear again in the appropriate place. In addition in these
cases, there is one occurrence of three dots, which is the less obvious one, and the
reader may realize that their meaning is not merely "etc., etc.," but "the details are
not really important for the proof (as the sum and the product are the focus of
attention)".
Anecdote: “Etc., etc.,” Vs. “Whatever”. To illustrate the point mentioned above
here is an anecdote from the empirical study.

Sara had trouble with the polynomial expansion of ( x − x1 )( x − x2 ) ⋅ ... ⋅ ( x − xn ) . As
she got the handout she read it out loud, but soon slowed down and seemed
puzzled. So she received the more detailed handout. At the single occurrence of
“three dots” in the n= 3, 4 expansion, she said: “dot, dot, dot”, and stopped only to
make sure she was able to complete the missing details. However, in reading the
5
expansion of n=5, ?x 5 − ( x1 + x2 +…+ x5 ) x 4 + .. + ( −1) x1 ⋅ x2 ⋅…⋅ x5 , she said “etc., etc.,”
in the first and third occurrence, but as she moved towards the second one, she
glanced at the interviewer, waived her hand and said: “whatever” and she did not
bother to complete the details.
She proceeded by writing a proof for n=6 saying: “It does not really matter, 6 or
600, the argument is just the same.” Then she pointed at the polynomial expansion
and said: “This goes on and on. In each step we rely on the previous one, hmm…it
is actually a proof by induction. Let me see - - assuming for k that…” and she
wrote down freely the transition step:
( x − x1 )( x − x2 ) ⋅ ... ⋅ ( x − xk +1 ) = [( x − x1 )( x − x 2 ) ⋅ ... ⋅ ( x − xk )] ( x − xk +1 ) .
Stopping for a second she said: “Yes, I see, it can work for k+1”, and she went on
writing while saying: " = x k +1 − ( x1 + x2 + ... + xk +1 ) x k + ... + ( −1k +1 ) x1 x2 ...xk +1 ." Again, she
distinguished between the two kinds of “three dots”, addressing them by different
words.
To wrap it up, when composing a TPP, it is useful to construct a Generality-level
Pyramid for that theorem, and chose the generality level suitable for the
pedagogical goals and the mathematical background of the target audience. A
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TPP need not avoid all the general elements. Some may and possibly should
remain. After all, Transparency is in the eyes of the beholder.
END NOTE: SOME RESERVATIONS

Although many proofs can be introduced through a transparent version, it is not
clear that for every proof a TPP can be composed. Other methods of introducing
proof and proving such as guided discovery approach might be useful in such
cases (For an example see Movshovitz-Hadar, 2008 in press).
Additionally, there is some risk in using TPPs, as they may obscure the necessity
for a general proof if an overdose of TPPs is assigned. If students are not
challenged to attempt a general proof to start with, or at least following the
introduction of a TPP, they may dismiss of the need to prove a theorem altogether,
thus jeopardizing the bearing of mathematics knowledge embedded in proof (Rav
in Hanna and Barbeau, 2008).
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